CHAPTER 2

Coherent and squeezed
states of the radiation
field

Following the development of the quantum theory of radiation and
with the advent of the laser, the states of the field that most nearly
describe a classical electromagnetic field were widely studied. In order
to realize such ‘classical’ states, we will consider the field generated by a
classical monochromatic current, and find that the quantum state thus
generated has many interesting properties and deserves to be called a
coherent state.* An important consequence of the quantization of the
radiation field is the associated uncertainty relation for the conjugate
field variables. It therefore appears reasonable to propose that the
wave function which corresponds most closely to the classical field
must have minimum uncertainty for all times subject to the appropriate
simple harmonic potential.

In this chapter we show that a displaced simple harmonic oscillator
ground state wave function satisfies this property and the wave packet
oscillates sinusoidally in the oscillator potential without changing
shape as shown in Fig. 2.1. This coherent wave packet always has
minimum uncertainty, and resembles the classical field as nearly as
quantum mechanics permits. The corresponding state vector is the
coherent state |a), which is the eigenstate of the positive frequency
part of the electric field operator, or, equivalently, the eigenstate of
the destruction operator of the field.

Classically an electromagnetic field consists of waves with well-
defined amplitude and phase. Such is not the case when we treat the
field quantum mechanically. There are fluctuations associated with
both the amplitude and phase of the field. An electromagnetic field
in a number state |n) has a well-defined amplitude but completely

* The coherent state concept was introduced by Schrodinger [1926]. For an excellent treatment of
the subject see the Les Houches lectures of Glauber [1965].
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Fig. 2.1

(a) Minimum-
uncertainty wave
packet at different
times in a harmonic
oscillator potential.
(b) Corresponding
electric field.
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uncertain phase, whereas a field in a coherent state has equal amount
of uncertainties in the two variables. Equivalently, we can describe
the field in terms of the two conjugate quadrature components. The
uncertainties in the two conjugate variables satisfy the Heisenberg
uncertainty principle such that the product of the uncertainties in the
two variables is equal to or greater than half the magnitude of the
expectation value of the commutator of the variables (see Eq. (2.6.2)
below). A field in a coherent state is a minimum-uncertainty state with
equal uncertainties in the two quadrature components.

After developing the coherent states of the radiation field, we turn
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to the so-called squeezed states. In principle, it is possible to gen-
erate states in which fluctuations are reduced below the symmetric
quantum limit in one quadrature component. This is accomplished
at the expense of enhanced fluctuations in the canonically conjugate
quadrature, such that the Heisenberg uncertainty principle is not vi-
olated. Such states of the radiation field are called squeezed states. A
quadrature of electromagnetic field with reduced fluctuations below
the standard quantum limit, has attractive applications in optical com-
munication, photon detection techniques, gravitational wave detection,
and noise-free amplification. In this chapter, we physically motivate
and present the definition and properties of the squeezed states, with
special reference to the so-called squeezed coherent states. These states
result from applying the ‘squeeze operator’ to the coherent state.

2.1 Radiation from a classical current

In this section, we define the coherent state and show that the radiation
emitted by a classical current distribution is such a state. By classical
we mean that the current can be described by a prescribed vector
J(r,t) which is not an operator. We consider coupling of this current
to the vector potential operator (cf. Eq. (1.1.27) and Section 5.1)

1 o
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k

The Hamiltonian that describes the interaction between the field and
the current is then given by

V(t) = / J(r,t)- A(r,t)d’r (2.1.2)

and the state vector |y(t)) for the combined system obeys the interac-
tion picture Schrodinger equation

LI (0) = =17 i) .13)

The vector function J(r,t) commutes with itself at different times,
but the operator A(r,t) does not. Hence the interaction energy 77(t)
does not either, and ordinarily the Schrddinger equation cannot be
integrated as

ly(t)) = exp [—% /0 r'y '(t')] w(0)). (2.14)
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However, the various commutators introduced in obtaining the correct
integration yield (2.1.4) multiplied by an overall phase factor which
we discard. With (2.1.1) and (2.1.2), the exponential in (2.1.4) becomes

. t
exp {—% / dt’"//(t’)] = Hexp(ozkalt — o ak), (2.1.5)
0 k
where the complex time-dependent amplitude ay is

1 ¢ L
g = 3 6k f dr f dréy - J, (x, )¢ 7k, (2.1.6)
0

Vk

In Eq. (2.1.6) the dipole current J,(r,t) is given the subscript v
to denote the fact that it is a monochromatic dipole oscillating at
frequency v = ck. We choose the initial state |ip(0)) to be the vacuum
|0), and the state vector (2.1.4) then becomes

w(t) = ][ exploanaf — o) 0. 2.1.7)
k

This state of the radiation field is called a coherent state and is
denoted as |{ax}). It is apparent that the multi-mode coherent state
in Eq. (2.1.7) can be expressed as a product of single-mode coherent
states |og):

on}) = [ low)- (2.1.8)
k

where

log) = exp(ockai — o ak) |0)k. (2.1.9)

In the remainder of this chapter, we shall be mostly concerned with
a single-mode coherent state. We shall therefore remove the index k
from our definition in Eq. (2.1.9) and write

o) = exp(oa’ — 0" a)|0). (2.1.10)

In the following, we present alternative approaches to the coherent
State.
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2.2 The coherent state as an eigenstate of the
annihilation operator and as a displaced harmonic
oscillator state

Expression (2.1.10) was obtained by defining the coherent state of
the radiation field |x) as a state of the field which is generated by
a classically oscillating current distribution. The same expression for
|z} can be obtained by defining it as an eigenstate of the annihilation
operator a with an eigenvalue ¢, i.c.,

ala) = oe). (2.2.1)
An expression of |a) in terms of the number state |n) is given by

o) = 25 %y 222

o) = e ; Nk (222)
and since |n) = [(a')"/+/n!]|0) this can be written as

o) = ™' |0)e %72, (2.2.3)

Next we note that since exp(—a”*a)|0) = |0), Eq. (2.2.3) can be rewritten
as

o) = D()|0), (2.2.4)
where
D(x) = e~/ /22" p=a, (2.2.5)

Now, in view of the Baker—Hausdorff formula, if 4 and B are any two
operators such that

[[4,B],A] = [[4,B],B] =0, (2.2.6)
then

et = o7 [AB1/2,4,8 (2.2.7)
If we write A = aa’, B = —a*a, it follows that

D(a) = &', (2.2.8)

in agreement with Eq. (2.1.10). Another equivalent antinormal form
of D(«) is

D(a) = /2" 20", (2.2.9)
The operator D(«) is a unitary operator, i.c.,

DY (@) = D(—a) = [D(a)] 1. (2.2.10)
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It acts as a displacement operator upon the amplitudes a and af, i.e.,

D7 Y (w)aD(a) = a + «, (2.2.11)
DY @)a'D(@)=a' + o (2.2.12)

The displacement property can be proved by writing
D Y(w)aD(x) = €% " ge*@' ¢~ (2.2.13)

where we have used the form (2.2.9) for D7}(«) and the form (2.2.5)
for D(). For any operators A and B

OC2

e Be™ = B—u[A,B] + 5144, Bll+... (2.2.14)
For A = af, B = a, this becomes
e e = g+ q. (2.2.15)

Use of this result in Eq. (2.2.13) gives the displacement property
(2.2.11) for D(a). The displacement property (2.2.12) can be proved in
a similar way.

According to Eq. (2.2.4), a coherent state is obtained by applying
the displacement operator on the vacuum state. The coherent state is
therefore the displaced form of the harmonic oscillator ground state.

2.3 What is so coherent about coherent states?

To answer this question it is instructive to consider the coordinate
representation of the oscillator number state |n). The coordinate rep-
resentation of |n) is given by

én(q) = (qIn). (2.3.1)
It follows from Egs. (1.1.11) that

1 0 1 0
¢ J2h (vq oq “= B V1T "y (23.2)

where we have used p = —ihd/dq. Equation (1.2.7) then leads to

0
(vq + r%) éo(q) = 0. (2.3.3)

A normalized solution of this equation is

2
olq) = (#)1/4 exp (—%) . (2.3.4)
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Higher order eigenfunctions in the coordinate representation can be
obtained from Egs. (1.2.16), (2.3.1), and (2.3.2):

_(a*)" _ 1 1 _ o\"
‘f)n(Q)——\/Tlfﬁo(Q)—"\/n——!W (vq ha) ®o(q)

1
= WHH (\/%‘1') ®o(q), (2.3.5)

where H, are the Hermite polynomials. These are the well-known
eigenfunctions of the harmonic oscillator. It can be verified that these
wave functions satisfy the orthonormality condition

/_ &,(9)Pm(q)dq = Sym. (2.3.6)

It follows from the definition of the harmonic oscillator wave func-
tions ¢,(q) that

@ = [ diaasiada=0 (237)
Similarly
(p) =0, (2.3.8)
(p*) =hv (n + %) , (2.3.9)
(g% =" (n + 1) . (2.3.10)
v 2

The uncertainties in the generalized momentum and coordinate vari-
ables are therefore given by

(Ap)* = (p*) — (p)?

= hv (n-{- %) (2.3.11)
(Ag)* = ? (n + %) . (2.3.12)

The uncertainty product is

ApAg = (n + %) k. (2.3.13)
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This has minimum possible value of %/2 for the ground state wave
function ¢y(q).

It is of special interest to find a wave packet which maintains the
same variance Aq while undergoing simple harmonic motion. Such a
wave function would correspond most closely to a classical field. In
order to investigate this possibility we assume that, at time ¢t = 0, the
wave function y(q,t) is of the form (2.3.4) of the minimum-uncertainty
wave packet except that it is displaced in the positive g direction by
an amount go. We then have

0@.0) = ()" exp[~2(a —07?]. 23.14)

The time evolution of this wave packet is derived in Problem 2.3,
where it is shown that the initial packet given by Eq. (2.3.14) implies
that the probability density later in time is

lw(g,t)* = (i)l/z exp [—K(q — (o COS vt)z] . (2.3.15)
nh h

We note that the wave packet (2.3.14) oscillates back and forth in a
simple harmonic oscillator potential without changing its shape, i.e.,
it sticks together or coheres. This is to be contrasted with the wave
packet which is a delta function at t = 0, goes to a plane wave at
vt = n/2, and is again a delta function at vt = x, see Section 2.5 for
more details. Although the delta function packet returns to its original
shape at the end of a period, it has a variance which is a strong
function of time, i.e., it does not cohere.

The packet y has the minimum-uncertainty product allowed by
quantum mechanics, namely ApAq = #/2. These states therefore pro-
vide the closest quantum mechanical analog to a free classical single-
mode field.

The minimum-uncertainty wave packet (2.3.14) which coheres in a
simple harmonic oscillator potential is given by (Problem 2.4)

p(g,0) = e /ZZ \/— (qln), (2.3.16)

with o = (v/2h)!/2qy, where we use ¢(q) = {(g|n). The state |a) as-
sociated with (q,0) therefore has an expansion in number states
identical to that for a coherent state, as given by Eq. (2.2.2). The
minimum-uncertainty wave packet (g, 0) is therefore the coordinate
representation of the coherent state.
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2.4 Some properties of coherent states

In this section, we list some important properties of the coherent states
of the radiation field.

(a) The mean number of photons in the coherent state |&) is given by
(alatala) = |af?. (2.4.1)

The probability of finding »n photons in |«) is given by a Poisson
distribution, i.e.,

|a|2ne—(n) B <n>ne—(n)

n! o n!

p(n) = (nlo){aln) = (2.4.2)

where (n) = |a|2. As we shall see in Chapter 11, the photon distri-
bution for the laser approaches this distribution for sufficiently high
excitations. In Fig. 2.2 we have plotted p(n) versus n for different
values of |a|2. It is seen that, for |¢|*> < 1, p(n) is maximum at n = 0,
whereas, for || > 1, p(n) has a peak at n = ||

(b) As discussed earlier, the coherent state 1S a minimum-uncertainty
state so that

ki

h 243
7 (24.3)
(c) The set of all coherent states |«) is a complete set. To show this,
we first consider the integral identity (with a = |x|e'?)

o 2n
/(oc*)"oc’"e_'“'zdzoc=/ |oc|"+m+1e_'°"2d|oz|/ 'm0 40
0 0
= 7016, (2.4.4)

ApAg =

in which the integration is carried out over the entire area of the
complex plane. With the help of this identity it follows, on using the
expansion (2.2.2) for the coherent states, that

/ o) (old®0 =7 Y _ [m)(n]. (2.4.5)

Since the Fock states |n) form a complete orthonormal set, the sum
over n is simply the unit operator. We thus have

% / o) (ol d?ot = 1, (2.4.6)

which is the completeness relation for the coherent states.
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Fig. 2.2

The photon
distribution p(n) for
a coherent state with

(a) |a? = 0.1,
(b) |a|* = 1, and
(c) |a]> = 10.
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(d) Two coherent states corresponding to different eigenstates o and
o are not orthogonal, i.e.,

1 1
(o) = exp (—§|a|2 + oot — §|a'|2) , (2.4.7)
and
|{olo¢)|* = exp(—oc — o |°). (24.8)
Here we see that, if the magnitude of o — o/ is much greater than
unity, the states |a) and |o’) are nearly orthogonal to one another. The
degree to which these wave functions overlap determines the size of

the inner product {(a|o’). A consequence of Eq. (2.4.7) is the fact that
any coherent state can be expanded in terms of the other states:

1
o) = [ 1))
= 1/dzocf|oz'> exp —1|oz|2 + oo — 1|oc'|2 (2.4.9)
T 2 2 ' o

This indicates that the coherent states are overcomplete.
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2.5 Squeezed state physics

Natural philosophy, the union of experimental and theoretical science,
abounds with wonderful examples of the fruitful interplay between
experimental and theoretical thought. The ‘ultraviolet catastrophe’ ob-
served in black-body radiation led Planck to introduce the notion of
the quantum. These considerations led Einstein to the concept of ‘stim-
ulated emission’ which was the key to understanding the differences
between the radiation distributions of Planck and Wien. Stimulated
emission is, of course, the basis for the laser which ushered in the
modern era of quantum optics.

Squeezed states of the radiation field provide another, near term,
example of the rich interplay between experiment and theory. By itself,
the squeezing of states of the field is of limited interest. For example,
the number state consisting of n photons clearly exists, but how to
make it and who cares if we do?

One answer to the ‘who cares?” question comes from the search
for gravitational radiation. As is further discussed in Chapter 4, the
acceleration of distant matter, e.g., the explosion of a supernova, leads
to tiny forces on laboratory instruments. For example, an oscillating
gravity wave can drive a mechanical oscillator which thus serves as a
gravity wave detector. .

But the amplitudes of oscillation generated by many sources of
gravitational radiation are anticipated to be much smaller than the
width of the ground state wave function. This prompted people to
think about squeezing the ground state wave function (zero-point
noise) of quantum mechanical oscillators.

That such ‘squeezing’ is possible in principle is made clear by
considering the elementary quantum mechanics of the simple harmonic
oscillator (SHQO). As is depicted in Fig. 2.3, a wave packet which is
sharply peaked (ie., squeezed) initially will spread out and return to
its initial state periodically. A little review of the SHO time evolution
makes this clear.” Recall that the wave function at time ¢ is related to
that at t = 0 by the expression

p(x, t) = /dx’G(x, x', tyyp(x',0), (2.5.1)
where the well known SHO propagator, as given in quantum mechanics
texts, 1s

G(x,x,t)

v imy 2,2 ,
- — 5.2

* See, for example, Sargent, Scully, and Lamb, Laser Physics [1974] Appendix H.
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Fig. 2.3

Evolution of a
squeezed state of a
simple harmonic
oscillator.

with m and v being the mass and frequency of the oscillator.

Now if we begin at t = 0 with a J-function wave packet yp(x',0) =
o(x" — x¢) then at a time t = n/2v later the wave function will be a
plane wave; that is, our squeezed state evolves as

p(x,t =0) = d(x — xp), (2.5.3a)
p(x,t=1/2v) = ¢ /% exp [i ('"‘;;‘0) x] , (2.5.3b)
p(x,t =m7/v)=d(x + xo). (2.5.3¢)

Thus, from Fig. 2.3 and Egs. (2.5.3), we see that if we start with
a sharp or squeezed state we will return to a sharp state every half
period. In this sense we have the possibility of a kind of ‘stroboscopic’
measurement, in which we look at our oscillator att =0, n/v, 2n/v, ...,
so that we are not limited by the width of the ground state wave
function.

Having motivated and illustrated squeezed states, let us proceed
to a better understanding of these states by considering a gedanken
experiment illustrating how we might prepare such states. To this
end, let us return briefly to the question of how we might prepare a
coherent state.

In classical mechanics we can excite a SHO into motion by, e.g.,
stretching the spring of Fig. 2.4 to a new equilibrium position and
releasing it to produce oscillation. In quantum mechanics a similar
procedure can be followed but we must be more specific about how
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we prepare the initial state of the SHO. Let us envision a SHO
characterized by mass m and charge e in a field E, as in Fig. 2.4; then
the Hamiltonian is

# =P 4 e o (2.5.42)
“om 2 T OR% e
which we may write as
2 2 2
p 1 eEq 1, [eE
=P 4 kx=0) _ () s,
o+ (x - ) 2k< - (2.5.4b)

We have in (2.5.4b) the well-known fact that applying a linear
potential to a SHO just shifts its equilibrium point. Clearly the same
solutions obtain. We have thus prepared a displaced ground state as
in Fig. 2.4. And upon turning off the dc field, ie., setting Ey = 0, we
will have a coherent state |«) which oscillates without changing its
shape.

It is to be noted that applying the dc field to the SHO is mathe-
matically equivalent to applying the displacement operator (2.2.8) to
the state |0). This is summarized in Fig. 2.4.

Fig. 2.4

Dashed potential
applies for a
spring-type SHO and
causes a particle of
mass m and charge ¢
to oscillate about

x = 0. Applying a dc
electric field stretches
the spring to a new
equilibrium position
xo about which the
point charge particle
now oscillates.
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Fig. 2.5

(a) The SHO
potential is first
displaced by a dc
elecric field and then
‘skewed’ by barriers
which limit the
charge oscillation to
a finite region.

(b) The SHO
potential is displaced
and ‘narrowed’ by a
quadratic
displacement
potential.

Displaced ‘narrowed’

SHO potential
i
A 7
Y [4
\\ 7
\ /| Displaced ‘skewed’
N / SHO potential
£
N . \ _ 7 X, / X
V= -eE (ax-bx2)
(a) (b)

Next, let us consider how we might prepare a squeezed state. Sup-
pose we again apply a dc field but this time with a ‘wall’ which limits
the SHO to a finite region as in Fig. 2.5(a).

In such a case, it would be expected that the wave packet would be
deformed or ‘squeezed’ when it is pushed against the barrier. Similarly
the quadratic displacement potential of Fig. 2.5(b) would be expected
to produce a squeezed wave packet. To see that this is indeed the case,
consider the Hamiltonian for the SHO in the presence of the quadratic
potential

2

1
H = L + —kx? — eEo(ax — bxz),

513 (2.5.5a)

where the ax term will displace the oscillator and the bx? is added in
order to give us a barrier to ‘squeeze the packet against’. We rewrite
(2.5.5a) as

2

p 1 2
L Ty? — )
> + 2( + 2ebEy)x° — eaEox

From Eq. (2.5.5b) it is clear that we again have a displaced ground
state, but this time with the larger effective spring constant k' =
k + 2ebE,. This, of course, means that we have a squeezed displaced
wave packet as depicted in Fig. 2.6. This is the desired result.

In conclusion we note that, just as it is the creation operator part of
the linear displacement potential which is most important in preparing
a coherent state; we shall find that it is the two-photon a'? and a?
contributions, contained within the bx? term in Egs. (2.5.5), that are
most important in preparing a squeezed coherent state.

H = (2.5.5b)
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Original ground state

Squeezed ground state

2.6 Squeezed states and the uncertainty relation

Having motivated the study and nature of squeezed states, let us
consider what other properties we might expect from them. Consider
two Hermitian operators A and B which satisfy the commutation

relation
[4,B] =iC. (2.6.1)

According to the Heisenberg uncertainty relation, the product of the
uncertainties in determining the expectation values of two variables 4
and B is given by

AAAB > %|<C)l. (2.6.2)

A state of the system is called a squeezed state if the uncertainty in
one of the observables (say A) satisfies the relation

(AA)? < %;(cn. (2.6.3)

If, in addition to the condition (2.6.3), the variances satisfy the

minimum-uncertainty relation, i.e.,
1

AAAB = §|(C)|, (2.6.4)

then the state is called an ideal squeezed state.

Fig. 2.6

The displaced
‘narrowed’ SHO
potential squeezes
the wave packet.
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In a squeezed state, therefore, the quantum fluctuations in one
variable are reduced below their value in a symmetric minimum-
uncertainty state ((A4)*> = (AB)? = |(C)|/2) at the expense of the
corresponding increased fluctuations in the conjugate variable such
that the uncertainty relation is not violated.

As an illustration, we consider a quantized single-mode electric field
of frequency v:

E(t) = &é(ae™" +a'e™), (2.6.5)

where a and a' obey the commutation relation

[a,a"] = 1. (2.6.6)
We introduce the Hermitian amplitude operators
1
X, =5+ a), (2.6.7)
X, = l_(a —ah). (2.6.8)
2i

It is, of course, clear that X; and X, are essentially dimensionless
position and momentum operators

\/2h/my (a+a"),

2

P /2mhv (a— aT).

2i
It follows from the commutation relation (2.6.6) that X; and X)
satisfy

I
[X1,X>] = 3 (2.6.9)
In terms of these operators, Eq. (2.6.5) can be rewritten as
E(t) = 28€(X, cosvt + X sinvt). (2.6.10)

The Hermitian operators X; and X, are now readily seen to be the
amplitudes of the two quadratures of the field having a phase difference
n/2. From Eq. (2.6.9), the uncertainty relation for the two amplitudes
1S
1
AX|AX, > 7 (2.6.11)
A squeezed state of the radiation field is obtained if

(AX;)? < 711 (i=1or?2). (2.6.12)
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An ideal squeezed state is obtained if in addition to Eq. (2.6.12), the
relation

1
AXiAX; = § (2.6.13)

also holds.

In the next section we will consider the two-photon coherent state
which is an example of an ideal squeezed state. Here we mention that
the coherent state |«) and the Fock state |n) are not squeezed states.
It follows from Eq. (2.6.7) that, in a coherent state,

(AX1)? = (el XFlor) — ({oxl X ]oc))?

1 1
=12 (oc|[az2 +ad' +dta+ (a*)z]\(x) ~ 2 [{a|(a + a”r)loc)]2
1
= -, 2.6.14
3 (26.14)
Similarly
2 1
(AXp)" = 7 (2.6.15)
In a similar manner, in a Fock state,
(AXy)? = (n|X{In) — (n|X;[n))?, (2.6.16)
1
=4@n+1),
1
(AX,)* = @+ D). (2.6.17)

In Fig. 2.7 error contours of the uncertainties in X; and X», along
with the corresponding graphs of the electric field versus time are
shown for a coherent state, a squeezed state with reduced noise in
X1, and a squeezed state with reduced noise in X;,. Each point in the
error contour for various states corresponds to a wave with a certain
amplitude and a certain phase. A summation of all such waves in
the error contours thus leads to the uncertainties of the electric field
represented by the shaded region. A coherent state (Fig. 2.7(a)), having
identical uncertainties in both X, and X,, has a constant value for
the variance of the electric field. A squeezed state with reduced noise
mm X; (Fig. 2.7(b)) has reduced uncertainty in the amplitude at the
expense of large uncertainty in the phase of the electric field whereas
the situation is reversed for a squeezed state with reduced noise in X,
(Fig. 2.7(c)).
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Fig. 2.7

Error contours and
the corresponding
graphs of electric
field versus time for
(a) a coherent state,
(b) a squeezed state
with reduced nosie in
Xi,and (c) a
squeezed state with
reduced noise in X5.
(From C. Caves,
Phys. Rev. D 23, 1693
(1981).)

E(1) X,
»

(a)

(b)

E(t)

(c)

2.7 The squeeze operator and the squeezed coherent
states

In Section 2.5 we found that quadratic terms in x, i.e., terms of the
form (a + a')?, were important in the preparation of squeezed states.
With that thought in mind, we are naturally motivated to consider
degenerate parametric processes in connection with the generation
of such states of the radiation field. In fact, much of squeezed state
physics is nicely illustrated by the degenerate parametric process, as
discussed in Chapter 16. The associated two-photon Hamiltonian can
be written as

A =ih (g —g"a?), (2.7.1)
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where g is a coupling constant. Hence the state of the field generated
by this expression is

p(e)) = el <) o) (2.72)

and this leads us to define the unitary squeeze operator
1., 1,4
S(§) =exp -2-6 a — zéa , (2.7.3)

where £ = rexp(if) is an arbitrary complex number. It is easy to see
that

ST(E) = S7H¢E) = S(=). (2.7.4)

A straightforward application of the formula
e?Be™ = B+ [4,B] + 51—,[,4, [4,B]] +..., (2.7.5)

leads to the following useful unitary transformation properties of the
squeeze operator

ST(&)aS(¢) = acoshr — a'e sinhr, (2.7.6)
ST(&)a’s(¢) = at coshr —ae™ sinhr. 2.7.7)
If we define a rotated complex amplitude at an angle 6/2
Y +iY = (X1 + iX2)e /2, (2.7.8)
it follows from Eq. (2.7.6) that
SHENY1 +iY2)S(8) = YieT +iY,e'. (2.7.9)

A squeezed coherent state |a, &) is obtained by first acting with the
displacement operator D(«) on the vacuum followed by the squeeze
operator S(¢), i.e.,

o, &) = S(&)D(a)[0), (2.7.10)

with o = |a|exp(ip). As discussed earlier, whereas a coherent state is
generated by linear terms in a and a' in the exponent, the squeezed
coherent state requires quadratic terms.

In the following we discuss some properties of the squeezed coherent
state since it is a canonical example of a squeezed state.
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2.7.1 Quadrature variance

The operator expectation values of the state |a, &) can be determined
from the definition (2.7.10) by making use of the transformation
properties of the displacement and squeezing operators (Eq. (2.7.3)).
It then follows that

(@) = (& Elalo, &)
= (0|DT()ST(£)as(£)D(x)(0)
= (a(acoshr — a’e? sinhr)|a)
=ocoshr —a*e? sinhr, (2.7.11)
(@®) = {(a"?)’
= (0D (2)S"(£)a’S (&)D()]0)
= (2/ST()as(£)ST(&)as (&)l

= a?cosh? r + («)?e? sinh? r — 2|a|?” sinh r cosh r

—é coshrsinhr, (2.7.12)
(ata) = |a|*(cosh® r + sinh® r) — («*)?¢” sinh r coshr
‘—o?¢ " sinhr coshr + sinh?r. (2.7.13)

The variances of the rotated amplitudes Y; and Y, can be determined
from these expectation values. On substituting for X; and X; from
Egs. (2.6.7) and (2.6.8) into Eq. (2.7.8) we obtain

Y| 4+ iY, = aexp(—if/2), (2.7.14)
so that
(AY)? =(Y?) — (1})?

_ %«ae—m/z + atel®/2y?y — i_(<ae—i0/2 +ateir2))?
_ _ji<a2e~ie +a'e® + ag" +a'a)
—%((ale_ig/2 +a'e??))? = %e‘zr, (2.7.15)
(AY,)? = -}Ié’, (2.7.16)
AYAY, = —3 (2.7.17)

A squeezed coherent state 1s therefore an ideal squeezed state. As
shown in Fig. 2.8, in the complex amplitude plane the coherent state
error circle is squeezed into an error ellipse of the same area. The
principal axes of the ellipse lie along Y; and Y; rotated at an angle 6/2
from X; and X;, respectively. The degree of squeezing is determined
by r = || which is therefore called the squeeze parameter.
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AY, AT

2.8 Multi-mode squeezing

X

v

The single-mode two-photon coherent state can be generalized to a
multi-mode squeezed state by using a generator which incorporates
the product of annihilation (and creation) operators for correlated
pairs of modes symmetrically placed around a mode of frequency, say,
v. First, we discuss the simple case of two-mode squeezing and then
generalize 1t to the multi-mode case. The two-mode squeezed state is

obtained by the action of the unitary operator
Pt

S(é) = eétav+v/a"_"l_£av+v’av—-v’ , (2.8. 1)

on the two-mode vacuum.
To show that the operators spanning the two modes exhibit squeez-
ing, we define collective creation and destruction operators

1 i
bt = 5 [aj+v, n eéaj_v,} , (2.8.2)
b= L (a1 + e a,_y]. (2.8.3)

NG

The in-phase and in-quadrature components are given by

1

b, = E(b + bY), (2.84)
_1 t
by = 5:(b —b"). (2.8.5)

The corresponding uncertainty relation is

Fig. 2.8

Error contour for a
squeezed coherent
state.
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1
AbAby > T (2.8.6)
The variances in the two components in the two-mode squeezed vac-
uum are

(Aby)?

_ 20 _ 0 in2( 8 _ 0\

=7 -exp( 2r) cos (2 2)—I—exp(2r)sm (2 2>_ , (2.8.7)
(Ab,)?

1 i (0 0 YL AN

=7 _eXp(Zr)cos (—2- 5)+exp( 2r)sin (2 2)_ . (2.8.8)

For the particular choices of the phase 6 — 6 = 0 and =, it is an ideal
squeezed state with reduced fluctuations in b; and b,, respectively.

In a similar manner, a large number of modes of the vacuum can
be squeezed. The multi-mode squeeze operator is defined as

SEEW)] = / ‘% xp [ (V)avsvary — €0l al, | (289)

Here the integration is over the positive half-band of frequencies
and &(v) = r(v) exp[if(v)]. A multi-mode squeezed coherent state is
obtained, as in definition (2.7.10), by first displacing the vacuum and
then squeezing it through a multi-mode displacement operator

jo(v), £(v)) = S[E()]D[(v)][0), (2.8.10)

where |0) is a multi-mode vacuum state.

Problems

2.1 Show that
o) lol = (= + ) 1o

and

)l = (4 50z ) ol

22 Show that the expectation value of the displacement operator
D(x) for a thermal field is given by

0te) = exp 1o (0 + 7).

where (n) is the mean number of photons in the field.
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23

24

25

2.6

The time evolution of the wave packet (2.3.14) is determined
by the Schrodinger equation for the harmonic oscillator

. aw B hZ (’7\2 V2q2
’h:a?—( T2 T2 v

A general solution of this equation can be given in terms of
the stationary wave functions

o0
p(g,t) = Zan¢n(Q)e—iE"t/h’
n=0

where E, = (n+1/2)hv and a, are arbitrary coefficients. Using
the orthonormality conditions on the wave functions ¢,(q),
find a, and hence prove Eq. (2.3.15).

Derive Eq. (2.3.16).

An alternate definition of a squeezed coherent state is

|, £) = D()S(£)[0),
where ¢ = rexp(if)). Show that the variances in the quadrature
components Y; and Y, such that

Y I+iY, = ae‘io/z,
are given by

(AY[)Z — e—2r

2

(AY,)? = =é7.

= =

Consider a two-mode squeezed state defined by
|y, 02, &) = Dy(1)D2(22)S12(£)[0),
where
Di(o) = exployal —ajar) (i=1,2),

is the coherent displacement operator for the two modes
described by destruction and creation operators a; and af,
respectively,

S12(&) = exp(&Farar + éaIa;)

is the two-mode squeeze operator, and |0) is the two-mode
vacuum state. Show that there is no squeezing in the two
individual modes. (Hint: see S. M. Barnett and P. L. Knight,
J. Opt. Soc. Am. B 2, 467 (1985).)
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2.7

2.8

A state is said to be squeezed in the Nth order if ((AX;)V)
(i =1 or 2) is lower than its corresponding coherent state
value. Here

1
Xl = 'z_(a +a?)7
1
— (g —naf
X2 Zi(a a.

Show that the condition of the Nth-order squeezing is
g <0,

where

N=-2
q" = (AX)N — (:11) (N — D!

(Hint: see C. K. Hong and L. Mandel, Phys. Rev. Lett. 54,
323 (1985).)

Consider the Hermitian operators corresponding to the real
and imaginary parts of the square of the complex amplitude
of the field

1

X1 = '2‘(02 + a'?),
1

X2 — i(a2 _a“I‘Z)

Show that the squeezing condition is
(AX}) < {d'a) + % (i=1or?2).

This type of squeezing is called amplitude-squared squeezing.
Show that the amplitude-squared squeezing is a nonclassical
effect. (Hint: see M. Hillery, Phys. Rev. A 36, 3796 (1987).)
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